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We consider a buckled quantum spin Hall insulator (QSHI), such as silicene, proximity coupled
to a conventional spin-singlet s-wave superconductor. Even limiting the discussion to the disorder-
robust s-wave pairing symmetry, we find both odd-frequency (ω) spin-singlet and spin-triplet pair
amplitudes, both of which preserve time-reversal symmetry. Our results show that there are two
unrelated mechanisms generating these different odd-ω pair amplitudes. The spin-singlet state is
due to the strong interorbital processes present in the QSHI. It exists generically at the edges of the
QSHI, but also in the bulk in the heavily doped regime if an electric field is applied. The spin-triplet
state requires a finite gradient in the proximity-induced superconducting order along the edge, which
we find is automatically generated at the atomic scale for armchair edges but not at zigzag edges.
In combination these results make superconducting QSHIs a very exciting venue for investigating
not only the existence of odd-ω superconductivity but also the interplay between different odd-ω
states.
I. INTRODUCTION
As was originally shown already by Berezinskii,1 the
superconducting order parameter may be an odd func-
tion of relative time or, equivalently, frequency (ω). This
leads to an extension of the usual symmetry classification
for superconducting states, allowing also for the possibil-
ity of spin-singlet odd-parity (p, f, . . . ) or spin-triplet
even-parity (s, d, . . . ) states, without violating Fermi-
Dirac statistics.
While there exist proposals for a thermodynamically
stable odd-ω superconducting order parameter,1–5 a more
promising direction has been to induce odd-ω pair am-
plitudes in nonuniform systems, such as surfaces and in-
terfaces with conventional even-ω superconducting order
also present in at least part of the system. For exam-
ple, superconductor-ferromagnet junctions break spin-
rotation symmetry and have been shown to transform a
conventional spin-singlet s-wave superconducting order
parameter into an odd-ω spin-triplet (OT) s-wave pair
amplitude with an unusually long-range decay in the fer-
romagnetic region.6,7 Recent experimental advances have
also been able to provide surmounting and diverse evi-
dence of this odd-ω state in this type of junctions.8–10
This idea has recently been extended to bulk systems
with broken spin-rotation symmetry, where odd-ω spin-
triplet s-wave pairing has also been shown to appear.11
Alternatively, nonmagnetic interfaces can induce odd-ω
spin-singlet (OS) p-wave pairing,12,13 due to translation
symmetry breaking. However, the p-wave symmetry is
notably less stable to disorder and therefore practically
much less important.14
Multiband, or equivalently multiorbital, superconduc-
tors have recently been shown to offer another, very dif-
ferent, possibility for odd-ω superconductivity.15,16 Here
the band label allows for additional symmetries for the
superconducting state, such that the overall behavior un-
der spin (S), spatial parity (P ), orbital (O), and time-
inversion (T ) symmetries is always S P OT = −1.15,17
This enables, e.g., an odd-ω spin-singlet s-wave super-
conducting pair amplitude to exist, as long as it is also
odd in the orbital index. The same odd-ω mechanism
has also been found in double quantum dots, Rashba
wires, and layer systems proximity coupled to a conven-
tional superconductor, where the orbital index is then
replaced by the dot, wire, or layer label.18–20 Quite gen-
erally, this odd-ω pairing exists if finite inter-orbital pair-
ing is present, which is pairing where the two electrons
in the Cooper pair originate from different orbitals.15,16
However, one big hurdle for promoting this odd-ω state is
to find superconducting systems with large inter-orbital
pairing.
A potentially very exciting prospect for odd-ω su-
perconductivity is the metallic edge states of two-
dimensional topological insulators (TIs), or quantum
spin Hall insulators (QSHIs), in close proximity with a
conventional superconductor. Such QSHI superconduct-
ing hybrid systems have already generated a significant
amount of interest due to their promise of harboring Ma-
jorana bound states.21–24 Experimental progress has also
been significant, finding signatures of both topological su-
perconductivity and gapless Andreev bound states.25–28
In terms of odd-ω superconductivity, the very special he-
lical dispersion of the metallic edge states in a topological
insulator has recently been shown to generate an odd-ω
spin-triplet s-wave state whenever there is an in-surface
gradient of the superconducting order parameter, for ex-
ample due to a junction or an applied supercurrent.29
Moreover, even the simplest models of QSHIs require at
least two orbitals, which are always very strongly cou-
pled. This could also open for the possibility of addi-
tional odd-ω superconductivity through interorbital pair-
ing. Thus superconducting QSHIs are very attractive
systems for discovering multiple co-existing, but differ-
ent, odd-ω superconducting states and studying their in-
terplay.
In this paper we investigate all different superconduct-
ing states in a QSHI proximity coupled to a conven-
2tional spin-singlet s-wave superconductor. Even limit-
ing the discussion to the disorder robust s-wave spa-
tial symmetry, we very generally find multiple odd-ω su-
perconducting states present and co-existing. Notably,
these states exists without any ferromagnetic regions
present, which is very different from the usual situa-
tion of odd-ω s-wave superconductivity only appearing in
superconductor-ferromagnet junctions or other systems
with broken time-reversal symmetry. More specifically,
we use the Kane-Mele model30 on a honeycomb lattice
as a realization of a QSHI. This model is not only the-
oretically tractable, but also experimentally realized in
silicene,31 the silicon analog of graphene with an experi-
mentally achievable band gap in the bulk, as well as ma-
terials based on the heavier elements in group IV, such
as germanene and stanene.32–36
In superconducting QSHI systems we find, without the
need of fine tuning, co-existing odd-ω spin-triplet (OT)
and spin-singlet (OS) s-wave superconducting states.
The OS pair amplitude is most universal and appears
both in the bulk of the heavily doped QSHI and at the
edge of finite-sized QSHI ribbons. This state is promi-
nent thanks to a naturally strong inter-orbital pairing in
the QSHI. In the bulk a finite electric field is needed in
order to provide a necessary asymmetry for producing
odd-ω pairing, but in ribbons this asymmetry is auto-
matically generated by the decay of the edge state into
the bulk. In all cases, the OS state is closely following
the parameter behavior of the proximity-induced even-
ω spin-singlet (ES) state. The spin-triplet OT state we
find requires a finite in-surface gradient to exist. Even if
we do not impose any external gradients, we surprisingly
discover that natural atomic scale variations on the arm-
chair (AC) edge provide sufficient in-surface gradients,
and thus an OT state exist at the AC edge. However,
for the zigzag (ZZ) edge there is only canceling gradients
and no OT state. Notable, since the OT state cannot
appear in the bulk and only appears on the AC edge,
it is fundamentally if very different origin compared to
the OS state. Moreover, the strong inter-orbital pairing
also generates an even-ω spin-triplet (ET) state with s-
wave symmetry on the AC edge, which is odd in orbital
index. In the same way that the OS state tracks the be-
havior of the ES state, this ET state tracks the behavior
of the OT state. Thus we find for AC edge QSHI ribbons
pair amplitudes with all possible symmetry combinations
present. Finally, we show that all odd-ω pair amplitudes
in this system preserve time-reversal symmetry. This is
due to the time-reversal operator not only changing the
sign of time, but also flipping the spin and involving a
complex conjugation.
The rest of this paper is organized as follows. In the
next section we present the model and the methods used
to extract the different pair amplitudes and their prop-
erties, including the behavior under time-reversal sym-
metry. In Sec. III we derive all pair amplitudes present
in heavily doped QSHIs where the bulk is also metallic.
Then in Sec. IV we turn to the topological phase with an
insulating bulk and only the edge superconducting and
here investigate ribbons with both AC and ZZ edges. Fi-
nally in Sec. V we summarize our results.
II. MODEL
A. Lattice Hamiltonian
Having silicene and its close relatives in mind, we
model a QSHI on a honeycomb lattice using the Kane-
Mele model.30,37,38 The normal part of the Hamiltonian
describing the band structure is given by
H0 = t
∑
〈i,j〉α
c†iα cjα +
iλSO
3
√
3
∑
〈〈i,j〉〉αβ
νijc
†
iα (σz)αβ cjβ
−
∑
iα
µ˜ic
†
iαciα, (1)
where c†iα is the creation operator at site i with spin-z
component α. Here, t is the nearest-neighbor (NN) hop-
ping parameter and λSO is the spin-orbit coupling present
on next-NNs, with νij = ±1 depending on whether the
turn from site j to site i is in the clockwise or coun-
terclockwise direction. Notably, the two non-equivalent
atoms per unit cell of the honeycomb lattice provide a
multi-orbital basis even when considering only this min-
imal model of one (pz) orbital per atom. Thus the NN
hopping t dominates the kinetic energy, while at the same
time providing an extremely strongly inter-orbital cou-
pling. The additional spin-orbit coupling opens a non-
trivial bulk gap near the K and K ′ points of the first
Brillouin zone, causing the system to enter a QSHI phase,
which hosts helical and spin-polarized edge states. We
also allow for a sublattice-dependent chemical potential
µ˜i = µ + ζi λv, with ζi = ±1 depending on whether the
site belongs to sublattice A or B. The sublattice stag-
gering λv is directly proportional to an electric field ap-
plied perpendicular to the honeycomb sheet and is thus
a highly tunable parameter, a fact we will use exten-
sively in this paper. This tunable sublattice asymmetry is
present due to a finite buckling of the honeycomb lattice
for elements heavier than carbon. For strong staggering
λv, the bulk energy gap is notably decreased around K
for spin-up electrons and around K ′ for spin-down elec-
trons. At λv = λSO the bulk gap eventually closes, caus-
ing a topological phase transition into a trivial insulat-
ing regime. We will both focus on extensive sheets, with
translational invariance in both directions, and ribbons
that have translational invariance only along one spatial
direction. These ribbons are characterized by their edge
orientation and we consider both ZZ and AC edges, which
are the two most common terminations of the honeycomb
lattice.
The QSHI in Eq. (1) is put in close proximity to a
conventional spin-singlet s-wave superconductor. The
general geometry is sketched in Fig. 1, where the QSHI
is grown on top of a conventional superconductor. To
3FIG. 1. Schematic picture of the system with a conventional
spin-singlet s-wave superconductor substrate (blue) and a
honeycomb QSHI sheet on top with A site atoms (black) and
B sites (gray), as well as ZZ or AC edges indicated. Top
semi-transparent electrode is a gate controlling λv.
model the anomalous self-energy induced in the QSHI
from the superconducting gate, we use a constant attrac-
tive Hubbard-U interaction which captures the induced
attraction:
HHub = −U
∑
i
c†i↑ c
†
i↓ ci↓ ci↑. (2)
Treating this term as usual within mean-field theory,
there is then an effective site-dependent superconduct-
ing order parameter:
∆i = −U 〈ci↓ ci↑〉 (3)
on every site such that the effective superconducting
Hamiltonian part for the QSHI becomes
HSC =
∑
i
∆ic
†
i↑ c
†
i↓ +H.c.. (4)
Although the induced pairing interaction U is set con-
stant throughout the system due to a uniform supercon-
ducting contact, it is important to notice that ∆i can
vary strongly in space, especially between the edge and
bulk regions at low doping, as these are then metallic and
insulating, respectively. Also the sublattice staggering
can, as we will see, induce a strong sublattice asymmetry
in the superconducting order parameter. It is therefore
important to solve self-consistently for ∆i, and not just
assume a constant order parameter throughout the sys-
tem. We do this by first diagonalizing the large matrix
H = H0 +HSC and then evaluating a new ∆i using the
resulting eigenvectors and eigenvalues. The newly calcu-
lated ∆i is then used in H and the process is reiterated
until the maximal difference at every site in ∆i between
successive iterations is below a certain pre-determined
convergence criterion (here set to 0.5× 10−3 t).
B. Superconducting pair amplitudes
We are in this paper primarily focused on the differ-
ent superconducting states or pair amplitudes induced
into the QSHI. While the superconductor itself only hosts
a conventional spin-singlet s-wave superconductivity, we
will in this paper show that the highly non-trivial band
structure of the QSHI results in a plethora of different
proximity-induced pair amplitudes. These are all given
by the real time-ordered anomalous Green’s function in
the QSHI
iFαβ(i, j, t) = 〈Ttciα(t) cjβ(0)〉 , (5)
Due to the Fermi-Dirac statistics of the Cooper pairs, the
anomalous Green’s function needs to satisfy the full an-
tisymmetry condition Fαβ(i, j, t) = −Fβα(j, i,−t). The
antisymmetry condition makes it convenient to analyze
F in terms of its time, spin, and spatial symmetry com-
ponents. We can define pair amplitudes that are either
even (E) or odd (O) in the time variable, or equivalently
frequency (ω), as4,29,39
FEαβ(i, j) = lim
t→0
1
2
[Fαβ(i, j, t) + Fαβ(i, j,−t)] , (6)
FOαβ(i, j) = lim
t→0
∂
∂t
{
1
2
[Fαβ(i, j, t)− Fαβ(i, j,−t)]
}
.
With this construction iFE is just the traditional ex-
pression for the even-ω pair amplitude, e.g., 〈ci↑ci↓〉 for
the spin-singlet s-wave state, while the time derivative
in the expression for FO guarantees that it is only non-
zero for odd time dependence. Moreover, using a time
derivative allows us to still only work with equal-time
expectation values even for the odd-ω response. Prac-
tically we can always calculate Eq. (6) by constructing
the time-dependent eigenstates of the lattice Hamilto-
nian H = H0 + HSC, which are easily accessible since
we also know all eigenstates and energies. Furthermore,
for any F we construct pair amplitudes that have spin-
singlet (S) or mixed spin-triplet (T ) symmetry using
FS =
1
2
(F↑↓ − F↓↑) ,
FT =
1
2
(F↑↓ + F↓↑) . (7)
Note that equal-spin amplitudes are not present unless
we apply a magnetic field. Finally, for the spatial sym-
metries we concentrate on s-wave symmetry, since higher
angular momentum states are much less stable in the
presence of disorder. We extract both the on-site s-wave
and extended s-wave (s+) pair amplitudes according to
Fs(i) = F (i, i),
Fs+(i) =
∑
j∈〈i,j〉
F (i, j). (8)
Note that the s+-wave state is still associated with a site,
although it resides on the bonds emanating out from that
site. We here limit ourselves to NN bonds, but longer-
range spatial correlations show the same behavior.
4C. Time-reversal symmetry
When considering pair amplitudes with different par-
ity with respect to the time coordinate, it is natural to
ask the question of how such states behave under time-
reversal symmetry. Here, we derive the necessary con-
dition a general pair amplitude must satisfy in order to
respect time-reversal symmetry, provided that the many-
body Hamiltonian is time-reversal invariant.
For any, not necessarily Hermitian operator A and a
many-body Hamiltonian that is invariant under time re-
versal, the action of the time-reversal operator on its ex-
pectation value is given by
T Tr {ρA} T −1 = ∑n eβ (Ω−En) T 〈En|A |En〉 T −1
=
∑
n e
β (Ω−E˜n)
〈
E˜n
∣∣∣T A† T −1 ∣∣∣E˜n〉
= Tr
{
ρ T A† T −1} .
Here, in the second line we used the fact that the eigen-
values En of the many-body Hamiltonian are invariant
under time reversal, En = E˜n, if the Hamiltonian itself
respects this symmetry and, with them, the free energy
(grand thermodynamic potential) Ω. In the above, we
had used the canonical (grand canonical) distribution at
finite temperature, but the argument holds even in the
zero-temperature limit, provided that the ground state
of the system, together with the Hamiltonian, is invari-
ant under time reversal. Then, having in mind Eq. (5),
consider the operator
A = Tt [ciα(t) cjβ(0)] ,
which is not Hermitian. After some algebraic manipula-
tions and using the action of the time-reversal operator
on spin-1/2 operators, we obtain
T A† T −1 = (iσ2)αγ (iσ2)βδ [Tt (ciγ(−t) cjδ(0))]† .
Finally, using the identity Tr
{
ρX†
}
= (Tr {ρX})∗, we
may combine the above steps on the definition Eq. (5) to
obtain:
T iFαβ(i, j, t) T −1 = (iσ2)αγ (iσ2)βδ [iFγδ(i, j,−t)]∗ .
(9)
Eq. (9) forms a constraint all general pair amplitudes
have to satisfy for a system to obey time-reversal sym-
metry. We note that, besides changing the sign of the
time coordinate, the action of the time-reversal operator
also involves acting on the spin indices, as well as taking
the complex conjugate of the expectation value, as it is
an anti-linear operator. However, it does not change the
spatial coordinates, as is to be expected.
Using the separations into even and odd ω in Eq. (6)
and the spin decomposition in Eq. (7), time-reversal in-
variance implies the following relations[
iFES(i, j)
]∗
= iFES(i, j),[
iFET (i, j)
]∗
= −iFET (i, j),[
iFOS(i, j)
]∗
= −iFOS(i, j),[
iFOT (i, j)
]∗
= iFOT (i, j). (10)
As will be explicitly demonstrated in the following sec-
tions, the conditions Eqs. (10) are indeed always ful-
filled despite multiple different odd-ω pair amplitudes
often being present. Thus, a QSHI proximity coupled
to a conventional superconductor always preserves time-
reversal symmetry, even though odd-ω superconductivity
is present.
D. Translationally invariant bulk
The formalism developed so far is suitable to ana-
lyze everything from large sheets to thin nanoribbons.
However, in the case of a very large sheet, there is
preserved translational symmetry, and transforming to
Fourier space diagonalizes the Hamiltonian. We use as
real-space lattice vectors a1/2 = ± 3a2 xˆ + a
√
3
2 yˆ, which
gives the reciprocal-lattice vectors b1/2 = ± 13a xˆ+ 1a√3 yˆ,
where a is the NN distance. Then, the reciprocal k vec-
tor is parametrized as k = k1 b1 + k2 b2, with k1/2 ∈
[−pi, pi]. Due to the special form of the spin-orbit cou-
pling in Eq. (1), Sz is a good quantum number and
the full Hamiltonian therefore decomposes into sepa-
rate two spin blocks. Using the Nambu spinor Ψ⊤
kσ =(
cA,k,σ, cB,k,σ, c
†
A,−k,−σ, c
†
B,−k,−σ
)
, where A and B in-
dicate the two sublattice sites, the full Hamiltonian has
the block structure
Hbulk =1
2
∑
kσ
Ψ†
kσ · Hˇσ(k) ·Ψkσ,
Hˇσ(k) =τˆ3 ⊗ (pσ(k) · ρˆ)− µ τˆ3 ⊗ ρˆ0
+ σ∆+ τˆ1 ⊗ ρˆ0 + σ∆− τˆ1 ⊗ ρˆ3, (11)
where τˆµ and ρˆν are Pauli matrices in the Nambu and
sublattice, or equivalently orbital, subspaces, respec-
tively. We have here defined
pσ(k) =
(
tRe(γk),−t Im(γk),σλSOfk − λv
)
, (12)
where the NN and next-NN modulation factors for the
honeycomb lattice are given by
γk = 1 + e
i k1 + e−i k2 ,
fk =
2
3
√
3
[sin(k1) + sin(k2)− sin(k1 + k2)] , (13)
respectively. Also, it is convenient to work with the sym-
metric and anti-symmetric sublattice combinations of the
order parameter and we therefore also define
∆± =
∆A ±∆B
2
. (14)
Here ∆A(B) is the order parameter in sublattice A (B).
III. METALLIC BULK
Having developed all the necessary formalism in the
previous section, we start by analyzing the superconduct-
ing state in the heavily doped regime of the QSHI. At
5heavy doping, the Fermi level is firmly situated within
the conduction (or valence) band of the QSHI and the
whole material is a metal. The QSHI edge states are
thus not important for the low-energy physics and it is
sufficient to analyze the bulk system. In this limit there
should be no spatial variations of the proximity-induced
superconducting order parameter between unit cells, such
that the system has fully translational invariance. Note,
however, that a finite staggering λv creates a sublattice
difference within each unit cell and thus we are required
to treat ∆A and ∆B independently.
A. Analytical results
In case of full translational invariance, the anomalous
Green’s function of the system may be evaluated ana-
lytically using the formalism developed in Sec. II D. This
offers a detailed picture of both the k dependence and the
parameter dependence of each of the induced pair ampli-
tudes. The anomalous Green’s function Fˆk,σ(z) is just
the particle-hole submatrix of the full Green’s-function
matrix Gˇσ(k, z) =
(
z 1ˇ− Hˇσ(k)
)−1
written in matrix
form as
Gˇσ(k, z) =
(
Gˆp,σ(k, z) Fˆσ(k, z)
ˆ¯F (k, z) Gˆh,σ(k, z)
)
, (15)
which has the orbital (i.e., sublattice) structure
Fˆσ(k, z) =
1
Dσ(k, z)
(
Nσ,AA(k, z) Nσ,AB(k, z)
Nσ,BA(k, z) Nσ,BB(k, z)
)
.
Explicitly solving for the anomalous Green’s function we
find for the numerators
Nσ,AA(k, z) = σ (∆+ +∆−)
[
z2 − (σ λSO fk − λv + µ)2 − (∆+ −∆−)2
]
− σ (∆+ −∆−) t2 |γk|2,
Nσ,AB(k, z) = −2σ t γk [(σ λSOfk − λv + z) ∆− + µ∆+] ,
Nσ,BA(k, z) = −2σ tγ∗k [(σ λSO fk − λv − z) ∆− + µ∆+] ,
Nσ,BB(k, z) = σ (∆+ −∆−)
[
z2 − (σ λSO fk − λv − µ)2 − (∆+ +∆−)2
]
− σ (∆+ +∆−) t2 |γk|2, (16)
while the denominator is a biquadratic function of z:
Dσ(k, z)=
[
z2−t2 |γk|2−(σλSOfk − λv)2−µ2−∆2+−∆2−
]2
−4
[
t2 |γk|2
(
µ2 +∆2−
)
+ ((σ λSOfk − λv)µ−∆+∆−)2
]
.
(17)
It is clear that the only terms in Eqs. (16) that are odd in z (and thus in frequency) are the two inter-orbital amplitudes
Nσ,AB and Nσ,BA. Thus any odd-ω pair amplitudes must be generated by these terms, since the denominator is an
even function of z. Focusing on these inter-orbital terms and constructing the odd-ω spin-singlet (OS superscript)
and spin-triplet (OT superscript) pair amplitudes, the only finite terms are those that are odd in orbital index and
they are given by
FOS(k, z) =
1
2
[
FO↑,AB(k, z)− FO↓,AB(k, z)
]
= −z 2 t∆− γk
D↑(k, z)D↓(k, z)
{(
z2 − λ2SO f2k − λ2v − µ2 −∆2+ −∆2−
)2
− 4
[
λ2SO f
2
k
(
µ2 − λ2v
)
+ t2 |γk|2
(
µ2 +∆2−
)
+ (2µλv +∆+∆−)
2
]}
, (18)
FOT (k, z) =
1
2
[
FO↑,AB(k, z) + F
O
↓,AB(k, z)
]
= −z 8t λSO∆− γk fk
D↑(k, z)D↓(k, z)
[
λv
(
z2 − t2 |γk|2 − λ2SO f2k − λ2v + µ2 −∆2+ −∆2−
)
+ 2µ∆+∆−
]
. (19)
The odd-ω spin-singlet pair amplitude in Eq. (18) is an
even function of k with predominantly s+-wave symme-
try. This is due to the NN prefactor γk. This is fully
consistent with Fermi-Dirac statistics, with the oddness
in orbital space canceling the oddness in frequency, while
keeping the spin-singlet s-wave symmetry from the exter-
nal superconductor. This odd-ω state is generated by a
finite interorbital hybridization t and an order-parameter
difference between the two sublattices, i.e., a finite ∆−.
This is consistent with earlier results for two-band mod-
els, where finite inter-band hybridization has been found
to generate odd-ω pairing when an asymmetry is present
6between the two intraband order parameters15,16,40.
For the odd-ω spin-triplet pair amplitude in Eq. (19)
we instead find an overall odd k dependence, which is
mainly p wave due to the prefactor γk fk. Thus the
Fermi-Dirac statistics of the Cooper pair is fulfilled also
in this case. We note that the spin-orbit coupling in the
QSHI generates a spin-triplet p-wave state also in the
even-frequency regime,22,23,41 although the orbital sym-
metry is then even. The OT pair amplitude is also di-
rectly proportional to the spin-orbit coupling λSO, in ad-
dition to the same dependence on t and ∆− as for the OS
component. Based on this, we conclude that the odd-ω
states in Eqs. (18) and (19) are the odd-ω odd inter-
orbital companions to their even-frequency even-orbital
counterparts. This shows explicitly that the reciprocity
between parity in time and orbital space is independent
of the spin and spatial parity. For silicene and related
QSHIs, both of these odd-ω pair amplitudes are present
in the metallic state as soon as there is a finite ∆−.
B. Numerical calculations
Here we perform complementary self-consistent calcu-
lations in the metallic bulk regime to show how a finite
∆− is present as soon as there is finite staggering λv and
how this generates odd-ω pairing. For these calculations
we choose a high enough value of µ such that the Fermi
level is above the bulk gap E ≤ λSO, but still below the
van Hove singularity at E = t, so as to not cause an
artificial enhancement of superconductivity.
FIG. 2. Pair amplitudes for a metallic QSHI as a function of
sublattice staggering λv. Here the parameters are λSO/t =
0.50, U/t = 2.0, and µ/t = 0.70. (a): ES on-site s-wave and
NN s+-wave, (b): OS NN s+-wave.
In Fig. 2, we plot all the non-zero s-wave pair am-
plitudes. Figure 2(a) depicts how the ES on-site s-wave
pair amplitudes on the A and B sites vary as the stagger-
ing λv increases. At zero staggering they are equal and
thus ∆A = ∆B through Eq. (3). However, they become
unequal for finite staggering. This is expected, since fi-
nite staggering results in different local density of states
(LDOS) around the Fermi level for each sublattice. The
resulting different pair amplitudes give ∆A 6= ∆B , which
is the criterion analytically derived above for generating
odd-ω pairing. In Fig 2(b) we then plot the only non-zero
odd-ω pair amplitude, which has spin-singlet extended s+
symmetry. The s+ symmetry allows for an orbital depen-
dence and we have confirmed that it is odd in the orbital
index, thus fully obeying Fermi-Dirac statistics. This OS
pair amplitude tracks ∆− and is therefore the pair ampli-
tude found in Eq. (18). Note that FOS is fully real and
thus it does not break time-reversal symmetry accord-
ing to Eq. (10), despite the odd-ω dependence. There is
also a finite even-ω spin-singlet s+-wave component at
all staggerings. This pair amplitude can exist because it
belongs to the same irreducible representation (the iden-
tity) of the point group as the s-wave pair amplitude.
We also note that nothing special happens at the criti-
cal staggering λv = λSO for the QSHI topological phase,
since the system is already in the metallic regime.
IV. QSHI RIBBONS
We now focus on the low doping regime where the
Fermi levels fall within the bulk energy gap. The only
low-energy excitations are then those of the topologically
protected edge states. We here set the chemical potential
slightly away from zero to break the (accidental) particle-
hole symmetry of the normal state, but still well within
the bulk energy gap. We assume, very realistically, that
the proximity-induced superconductivity is too weak to
produce a superconducting gap in the insulating bulk in-
terior, and we thus use a U such that superconductivity
is only present in the edge states, despite U being finite
and constant throughout the ribbon. In order to model
the edge states we consider semi-infinite ribbons of the
QSHI with translational symmetry in the direction along
the ribbon and wide enough, such that the two edges do
not hybridize.
For easy comparison, we use the same U/t = 2 in the
ribbon as in the metallic bulk case studied above. By sim-
ply changing the chemical potential between these two
cases we achieve edge-only superconductivity in the rib-
bon, but bulk superconductivity in the metallic case. We
note that this choice of U produces a somewhat large ∆,
which is required due to the computational limitations of
the size of the systems we can study. In short, the system
size needs to be at least a few times the superconducting
coherence length ξ = vF /∆ for a self-consistent approach
to be valid. Despite this limitation with self-consistent
calculations, multiple previous studies in related systems
have still generated experimentally reliable results (see
e.g., Refs. 42 and 43). Moreover, all our results are qual-
itative, do not change with the precise value of ∆, and
are also in agreement with analytical work in the metallic
bulk case. Thus, the precise choice U/t is not important
for our results and conclusions.
7A. Ribbons with zigzag edges
First we consider ribbons with ZZ edges. In Fig. 3 we
analyze the conventional ES on-site s-wave pair ampli-
tude, which gives superconducting order parameters ∆i
through Eq. (3). As displayed in the intensity plot in
FIG. 3. ES on-site s-wave pair amplitude for a ZZ ribbon.
We use the same parameters as in the metallic bulk case,
except the chemical potential is µ/t = 0.05. (a): Spatial
intensity profile of the pair amplitude for the whole ribbon
at λv/λSO = 0.0. The radius of each circle is proportional to
the magnitude, while positive (negative) sign is coded in blue
(red). (b): Evolution of pair amplitudes with λv on edge sites
(A left; B, right) and one layer deeper (A right; B, left).
Fig. 3(a), this pair amplitude takes its maximum value
on the edge atoms. However, because the left edge trun-
cates with an A site, and the right edge with a B site,
the edge atom pair amplitudes evolve slightly differently
with λv, as shown in Fig. 3(b). This is due to the fi-
nite chemical potential µ. The decay of the pair ampli-
tude into the interior of the ribbon is very rapid. For
this particular choice of parameters, the pair amplitude
has already decreased 2.5 times to the next atomic line.
Note that the decay length is primarily set by the spatial
extent of the edge state and not the superconducting co-
herence length. Moreover, increased staggering causes an
overall suppression of superconductivity. This is not sur-
prising, since the edge states are lost at the topological
phase transition at λv = λSO, causing superconductivity
to vanish in the whole system.
Just as in the metallic bulk case, the on-site pair am-
plitude spreads to NN bonds. This sub-dominant ES,
s+-wave pair amplitude is displayed in Fig. 4. It also de-
FIG. 4. ES NN bond s+-wave pair amplitude for the same
parameters and geometry as in Fig. 3, apart from λv/λSO =
0.65 in (a).
cays rapidly into the bulk although it retains quite similar
values on the edge atom and its NN site. This is a conse-
quence of s+ pairing being defined on NN bonds and even
in the exchange in sublattice sites, as required by Fermi-
Dirac statistics. As seen, the sign of the ES s+ state is
opposite on the two edges. This is possible because the
two edges terminate with different sublattice sites. Since
switching the sublattice type changes the sign of λv, we
also expect the ES s+ state to change sign at λv = 0,
resulting in the zero pair amplitude value at λv = 0 seen
in Fig. 4(b). Together with vanishing superconductivity
at λv = λSO, this explains the dome-shaped curve as a
function of staggering.
Guided by the results from the metallic bulk we also
expect odd-ω pairing in the QSHI ribbons. We have ex-
plicitly calculated all possible odd-ω states with s or s+
symmetry in the ribbon configuration. In Fig. 5 we show
the only non-zero odd-ω state for a ZZ QSHI ribbon:
the OS, s+-wave state, which is odd in orbital index.
Very interestingly, it is finite for all staggering values
until superconductivity is lost at the topological phase
transition. This odd-ω pair amplitude is generated by
the same mechanism as the OS state in the metallic bulk
and thus requires ∆A 6= ∆B. Still, in a QSHI ribbon it
does not vanish at λv = 0; in fact, it is largest for small
λv. This is possible due to the sublattice sites having dif-
ferent distances to the edge, and thus they have notably
different LDOS. This automatically results in a strong
asymmetry between ∆A and ∆B , without any need of a
finite staggering. In fact, the evolution with λv of the
8FIG. 5. OS NN bond s+-wave pair amplitude for the same
parameters and geometry as in Fig. 3.
OS state tracks that of the ES state. This shows that
the OS state on the ZZ edge is only dependent on the
very existence of superconductivity at the edge and not
on anything else. This lack of a strong dependence on
λv is also evident from the left and right edges showing
the same overall behavior. We also note that the oddness
under exchange of sublattice sites gives rise to alternat-
ing signs of the pair amplitude along the ZZ edge. This
is the complete opposite behavior from the even inter-
orbital pair amplitude in Fig. 4. Similar to the metallic
bulk OS component, this pair amplitude is fully real and
thus preserves time-reversal symmetry.
B. Ribbons with armchair edges
The honeycomb lattice is rather unique in that it has
two preferential edge directions, ZZ and AC, that have
very different geometries. Especially prominent is that
the AC edge has atoms of both sublattice sites along the
edge. We therefore expect that AC ribbons might behave
qualitatively quite different from the ZZ ribbons investi-
gated above. We start investigating AC ribbons by plot-
ting the ES on-site s-wave pair amplitude in Fig. 6, the
equivalent plot to Fig. 3 for ZZ ribbons. For the AC rib-
bon we find that the top and bottom edges show exactly
the same pair amplitude. This is true for all pair ampli-
tudes we have investigated and we will henceforth report
results for the bottom edge only. Moreover, this ES pair
amplitude acquires the same value on A and B sites that
FIG. 6. ES on-site s-wave pair amplitude for an AC ribbon for
the same parameters as Fig. 3. (a): Spatial intensity profile
of the pair amplitude for the whole ribbon at λv/λSO = 0.0.
(b, c) Evolution of the pair amplitudes with λv on the top
(b) and bottom (c) edge on edge sites (index 1) and one layer
beyond (index 2).
sit at the same distance from the edge, independent of
λv. This behavior is very different from the ZZ edge and
is a consequence of the strong robustness of the AC edge
states against buckling. In fact, the normal state shows
no LDOS difference between the two sublattice sites even
for finite values of λv. As a direct consequence, ∆A and
∆B are the same and only dependent on their distance to
the edge. Given the same choice of parameters, the mag-
nitude of the ES pair amplitude on the AC edge is about
three times lower for the ZZ edge. Also, it only decreases
1.7 times to the next atomic line, i.e. slower than for a
ZZ edge. These effects are due to the AC QSHI edge
states having a lower LDOS, set primarily by a higher
edge state Fermi velocity and larger spatial spread into
the bulk than the ZZ edge states. We also directly in-
vestigate the sub-dominant ES, NN bond s+-wave pair
amplitude in Fig. 7. Here, there is some difference in the
λv dependence for A and B sublattice sites. This com-
bines with the general decay of the pair amplitude into
the bulk to give some more variation in the s+ state with
λv as compared to the on-site s-wave state.
The existence of the ES s+-wave state that is neces-
sarily even in orbital index also gives rise to an OS NN
bond s+ pair amplitude that is instead odd under or-
bital exchange. This state is presented in Fig. 8 for the
AC edge. Both the spatial extent and the evolution with
9FIG. 7. ES NN bond s+-wave pair amplitude for the same
parameters and geometry as in Fig. 6, apart from λv/λSO =
0.2 in (a).
FIG. 8. OS NN bond s+-wave pair amplitude for the same
parameters and geometry as in Fig. 6.
λv resemble the behavior of the conventional ES on-site
s-wave pair amplitude, similarly to the behavior at the
ZZ edge. Notably, this OS state does not require a fi-
nite staggering to exist. The asymmetry between the A
and B sublattice instead comes directly from the spatial
decay of the edge state into the bulk. For the AC edge,
A and B sites at the same distance from the edge have
the same ∆’s, but for the two other NN sites that reside
in neighboring layers the sublattice symmetry is broken.
We attribute the lower fractional amplitudes of the OS
to the ES amplitudes on the AC edge compared to the
ZZ edge and also metallic bulk to the fact that not all
NN sites show a sublattice asymmetry.
Beyond the OS state, we also find odd-ω pair ampli-
tudes that have spin-triplet and s-wave symmetry at the
AC edge, a state not present at the ZZ edge or in the
metallic bulk. It has earlier been shown that OT states
with s-wave symmetry appear, quite generally, in the
surface states of topological insulators whenever there
is an in-surface gradient of the conventional (ES on-site
s-wave) superconducting order.29 Here, we demonstrate
the presence of such odd-ω pairing in superconducting
silicene and related materials for AC edges. But, impor-
tantly, there is here no macroscopic gradient of the super-
conducting order parameter produced, e.g., by a junction
or a supercurrent. Instead, it is simply atomic scale lat-
tice variations that gives rise to the required gradient and
thus the OT state. This can be understood when study-
ing the conventional superconducting order parameters
at the ZZ and AC edges, as depicted in Figs. 3(a) and
6(a), respectively. Both NN atoms to an edge atom on
a ZZ edge have the same order-parameter value. Since
these two NN atoms are on either side of the edge atom
site, the local gradient along the edge for the order pa-
rameter is necessarily zero at the edge site. The same
argument is true for all sites, even further from the edge,
and leads to no OT components on the ZZ edge. This
result is independent of the buckling set by λv. In con-
trast, at the AC edge, there is still a zero gradient on the
bond sitting at the very edge, but for the other NN site
there is a finite projection gradient in the order parame-
ter when projecting along the edge. This gradient is also
different for the A and B sites along the edge. Taken
together, this results in a finite OT on-site s-wave pair
amplitude with alternating signs between A and B sites,
as clearly shown in Fig. 9. This state is not very sensitive
FIG. 9. OT on-site s-wave pair amplitude for the same pa-
rameters and geometry as in Fig. 6.
to the effects of λv, beyond the overall suppression of su-
perconductivity, also found for the underlying ES state.
Similarly to the ES state always existing both on-site
and on NN bonds, we also find that the OT state exists
both with s- and s+-wave symmetry, as shown in Fig. 10.
Note, however, that the s+ amplitude is suppressed more
than an order of magnitude, and thus the OT state has
dominantly on-site s-wave symmetry. Thus we conclude
that odd-ω spin-triplet s-wave superconductivity appears
in superconducting silicene and other related QSHI ma-
terials purely due to atomic scale variations in the su-
perconducting order parameter. This effect is present
on AC edges but notably not on ZZ edges since there
no microscopic gradients are generated. In particular, it
does not require any external tuning, either by applying
a finite sublattice staggering or by creating macroscopic
gradients, e.g., by creating a Josephson junction. We also
note that all OT pair amplitudes are fully imaginary and
thus they preserve time-reversal symmetry according to
Eq. (10).
This OT state found at the AC edge is very different in
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FIG. 10. OT NN bond s+-wave pair amplitude for the same
parameters and geometry as in Fig. 6, apart from λv/λSO =
0.35 in (a).
FIG. 11. ET NN bond s+-wave pair amplitude for same pa-
rameters and geometry as in Fig. 6.
both nature and origin from the OS state, the other odd-
ω state already discussed. First of all, a finite OT am-
plitude requires an in-edge gradient of the conventional
even-ω order parameter, which is only present on the AC
edge, while the OS state exists also in the metallic bulk
and generally at the ZZ edge. The varying gradient at the
AC edge is also the origin of the alternating sign of the
OT state along the edge as seen in Fig. 9(a). Secondly,
the OT symmetry appears both in the s- and s+-wave
pair amplitudes, while the nature of the OS state makes
it limited to the s+ symmetry since it instead originates
purely from the sublattice structure.
The OT NN s+ state in Fig. 10 is naturally even un-
der exchange of orbital index. But the question is if also
a spin-triplet s+-wave state that is odd in the orbital
index is allowed. This state would then be an ET NN
s+-wave state. Such a state would be generated in the
same way as the OS state appears out of the ES state in
both ribbons and in the metallic bulk. In Fig. 11 we show
that this state indeed exists. The evolution with λv also
clearly follows that of the OT, on-site s-wave pair ampli-
tude in Fig. 9, which is exactly the same dependence the
OS state inherits from the ES state. We have thus for
s-wave states found a complete reciprocity in oddness
in the time and orbital domain for AC QSHI ribbons:
there exist states that are odd (even) under both orbital
and time exchange, which are all spin-singlet states, and
there are also states that are odd (even) in time but even
(odd) in orbital index, which are all spin-triplet states.
The states that are odd in orbital symmetry necessar-
ily have a spatial s+-wave symmetry, as such states can
per definition not exist on-site. However, even orbital
symmetric s+-wave states are naturally accompanied by
on-site s-wave states.
V. CONCLUDING REMARKS
In summary, we have demonstrated that a buckled
QSHI such as silicene, when proximity coupled to a con-
ventional spin-singlet s-wave superconductor, exhibits
multiple different odd-ω pair amplitudes. Even limit-
ing the discussion to the disorder robust s-wave states
we find, without fine-tuning, both odd-ω spin-triplet and
spin-singlet states. Most universal is the OS state which
appears both in the metallic bulk as well as in all insu-
lating ribbons with only metallic edge states. This state
is due to the intrinsic multi-orbital nature of the QSHI
and is generated as soon as there is an asymmetry in
the proximity-induced s-wave order parameter. Such an
asymmetry is created in the metallic bulk by applying an
electric field which causes a sublattice staggering. How-
ever, in ribbons with both ZZ and AC edges no stagger-
ing is needed since the required asymmetry is a natural
consequence of the decay of superconductivity into the
insulating bulk. Thus the OS states in QSHI ribbons are
in an intrinsic state, requiring no fine tuning.
A recently discovered signature for odd-ω pairing from
hybridization in multi-orbital systems is the appearance
of extra hybridization gaps in the DOS at energies beyond
the superconducting gap.16 These partial gaps appear at
higher energies where two bands cross, one electron-like
and one hole-like, in the Bogoliubov spectrum. However,
we fail to observe such signatures in QSHIs. The rea-
son for this is the peculiar band structure of the QSHI
Hamiltonian H. First of all, the Hamiltonian must have
eigenvalues with opposite sign due to the particle-hole
symmetry of the Bogoliubov spectrum. Furthermore, due
to time-reversal symmetry, the eigenvalues at −k are the
same as the eigenvalues at k. Then, no matter the choice
of the chemical potential µ, a particle band at positive
energy cannot hybridize with a hole band at negative en-
ergy, since the two are identically shifted by 2µ in the
QSHI Hamiltonian H. This holds no matter the pro-
jection in k space, and, therefore, a particle-like and a
hole-like band never cross either in the bulk case or for
any edge orientation.
Beyond the OS states, on the AC edges of QSHI rib-
bons we also find OT states. These are due to an effective
gradient along the edge of the proximity-induced super-
conducting order. Externally enforced macroscopic gra-
dients in QSHI and topological insulator surface states
have previously been found to generate OT pairing,29
Here however, no external gradient is needed but the OT
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state appears in AC ribbons simply due to atomic scale
gradients. These gradients are present due to a combina-
tion of the AC edge geometry and the decay of the edge
state and thus superconductivity into the bulk of the rib-
bon. The presence of this OT state also generates an ET
s+-wave state, and by exactly the same mechanism the
OS state appears due to the ES state. Thus AC edges
of QSHI ribbons give rise to all possible combinations of
superconductivity–ES, OS, OT, and ET–with still intact
disorder robust s-wave spatial parity.
In combination our results show that two unrelated
mechanisms generate two very different odd-ω supercon-
ducting pairing states in QSHIs, such as silicene, when
in proximity to an external conventional superconduc-
tor. This makes superconducting QSHIs a very exciting
playground for studying not only the existence of odd-ω
superconductivity, but also the interplay between differ-
ent odd-ω states.
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